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Abstract. We consider the optimization problem of minimizing J n G(|Vu|) dx in the class of 
functions H /1 ' G (J1), with a constrain on the volume of {u > 0}. The conditions on the function 
G allow for a different behavior at and at oo. We consider a penalization problem, and we 
prove that for small values of the penalization parameter, the constrained volume is attained. 
In this way we prove that every solution u is locally Lipschitz continuous and that the free 
boundary, d{u > 0} PI fi, is smooth. 



Resume. Nous considerons le probleme d'optimisation de minimiser J n G(|Vu|) dx sur la classe 
des fonctions VK 1 ' G (f2), avec une restriction sur le volume de {it > 0}. Les conditions sur 
la fonction G permettent un comportement different en et a h'nfini. Nous considerons un 
probleme de penalisation et nous prouvons que le volume fixe est atteint quand la valeur de 
la penalisation est petite. De cette maniere nous prouvons que toute solution u est localement 
Lipschitzienne et que la frontiere libre d{u > 0} n est reguliere. 



1. Introduction 

We begin with a few historical remarks. In the paper [1], Aguilera, Alt and Caffarelli study 
an optimal design problem with a volume constrain. The authors prove the regularity of mini- 
mizers by introducing a penalization term in the energy functional (the Dirichlet integral) and 
minimizing without the volume constrain. 

The steps that they follow are the following. First, the authors observe that, for fixed values 
of the penalization parameter, the penalized functional is very similar to the one considered in 
the paper [3], then the regularity results for minimizers of the penalized problem follow almost 
without change as in [3] . Finally, they prove that for small values of the penalization parameter, 
the constrained volume is attained. In this way, all the regularity results apply to the solution 
of the optimal design problem. 

This method has been applied to other problems with similar success. In [2J dH dH] , where 
the differential equation satisfied by the minimizers is nondegenerate, uniformly elliptic and in 
[H], where the equation involved may be degenerate or singular elliptic, but it steals has the 
property of being homogeneous. 
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In this article we show that the same kind of results can be obtained if we study a problem 
such that the differential equation satisfied by the minimizers is nonlinear degenerate or singular 
elliptic, and possibly not homogeneous. More precisely, the operator here has the form Cu = 

div fs(|V u l)j^|J where g satisfies the natural conditions introduced by Lieberman in [14j . 

These conditions generalize the so called natural conditions of Ladyzhenskaya and Ural'tseva. 
In [H] the author studies the regularity of weak solutions to the equation 

(1.1) Cu = 0. 

Lieberman proves, that under these conditions, solutions of (jl.ip are C 1 ^. 
The conditions imposed to g are the following, 

(1.2) < 8 < < g Vt>0 

for certain constants 5 and go. Observe that 5 = go = p — 1 when g(t) = t p ~ x , and conversely, if 
5 = go then G is a power. For more examples of functions satisfying (|1.2p see |15j . 

Condition (II. 2D ensures that the equation (jl.ip is equivalent to a uniformly elliptic equation 
in nondivergence form with ellipticity constants independent of the solution u on sets where 
Vu ^ 0. This condition does not imply any kind of homogeneity on the function G (the 
primitive of g) and moreover, it allows for a different behavior of the function g when |Vu| is 
close to zero or infinity. 

We give now, more precisely the description of the problem that we study, 

Take Q a smooth bounded domain in W N and (fo E W 1,G (Q), a Dirichlet datum, with ipo > 
Co > in A, where A is a nonempty relatively open subset of <9f2 such that A n dQ is C 2 . Here 
W l ' G (£l) is a Sobolev-Orlicz space (see Appendix A). Let 

Ka = {u E W l > G (tt) I \{u > 0}| = a, u = ip on dtt}. 

Our problem is to minimize J{u) = G(|Vn|) dx in lC a , with g = G' satisfying (11.21) . 

One of the difficulties of these problems is to prove the regularity of the minimizers, since it 
is hard to make enough volume preserving perturbations without the previous knowledge of the 
regularity of d{u > 0}. 

In order to solve our original problem in a way that allows us to perform non volume preserving 
perturbations we follow the idea of [1] and consider instead the following penalized problem: We 
let 

K, = {u E W^ G {n) /u = <po on an} 

and 

(1.3) J £ (u)= f G(|Vu|)dx + J F £ (|{n>0}|), 

Jn 

where 

e(s — a) if s < a 



-(s — a) if s > a. 



Then, the penalized problem is 



(P £ ) Find u £ E K such that J £ (u £ ) = inf J £ (v). 
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In order to prove the existence of minimizers we use some compact immersion theorems in 
Sobolcv-Orlicz spaces, and the result follows easily by direct minimization. The regularity of 
the minimizers and of their free boundaries d{u £ > 0} follows by showing that any minimizer 
u £ is a solution of the following free boundary problem, 

{Cu £ = in {u £ > 0} n tt, 

du 
u £ = 0, -j£ = \ £ on 8{u £ > 0} n o, 

in the sense that was defined in [15j . where A £ is a positive constant. The properties of the 
definition of weak solution are not difficult to establish since the minimization problem studied 



in [15] is very similar to (\P £ \) . The only difference is that in (\P £ \ ) the functional is linear in 
\{u > 0}| and here the term F £ is piecewise linear and zero in a. With these results we have 
that for almost 7i N ~ l — every point, the free boundary is locally a C 1 '^ surface (see Corollary 
Oin p2]). 

We also improve the regularity result for the case N = 2, for a subclass of functions satisfying 
(|1.2|) . We prove, that in this case, the whole free boundary is regular. Full regularity of the free 
boundary in dimension 2 was prove in pQ, [3] and in [SI if 2 — 5 < p < oo for a small 5 > 0. Also 
for the penalization problem in [12]. A similar result was proved by A. Petrosyan in dimension 
3 for p close to 2 (see [T7]). 

As in [1] , the reason why this penalization method is so useful is that there is no need to pass 
to the limit in the penalization parameter e for which uniform, in e, regularity estimates would 
be needed. In fact, we show that for small values of e the right volume is already attained. This 
is, \{u £ > 0}| = a for e small. This step is where the proof parts from previous work on similar 
problems, since here we may not have the homogeneity of the function g (see Lemma 13.31) . 

Finally, the fact that, for small e, any minimizer of J £ satisfies \{u £ > 0}| = a implies that 
any minimizer of our original optimization problem is also a minimizer of J £ so that it is locally 
Lipschitz continuous with smooth free boundary. 



The paper is organized as follows: In Section 2 we begin our analysis of problem \P £ \ for fixed 
e. First we prove the existence of a minimizer, local Lipschitz regularity and nondegeneracy 
near the free boundary (Theorem l2.ip and we prove that minimizers are weak solutions of a free 
boundary problem as defined in [15] (Remark 12. ip . Then we have that for almost 7i N ~ l — every 
point, the free boundary is locally a C 1 '^ surface (Corollary 12. ip . We prove that, for the case 
N = 2, for a subclass of functions satisfying (|1.2|) their hole free boundary is regular (Corollary 
I2.2p . In Section 3 we prove that for small values of e we recover our original optimization 
problem. 

We include at the end of the paper a couple of appendices where some results about Orlicz 
spaces, some properties of C— subharmonic functions and blow up sequences are established. 



2. The penalized problem 

2.1. Regularity of minimizers and their free boundaries. We begin by discussing the 
existence of extremals and the regularity. We are going to give some properties of the minimizers. 
As the functional J £ is very similar to the one in [15] , some of the proof of these properties follows 
as in [15]. In that cases we are only going to state the results and avoid any proof. Next, we 
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prove that any minimizer of J £ is a weak solution of (jl.4|) . as was defined in [15]. Therefore we 
will have, by the results therein that the free boundary is smooth. 



Theorem 2.1. Let ft C M be bounded. Then there exists a solution to the problem (P e ). 
Moreover, any such solution u E has the following properties: 

(1) u e is locally Lipschitz continuous in £1, and for D CC SI we have that, llVitll^oo^) < C 
with C = C{N,g ,5,dist{dn,D),e). 

(2) Cu £ = in {u £ > 0}. 

(3) There are constants < c m i n < C max , 7 > 1, such that for balls B r (x) C D with 
x G d{u £ > 0} 

Cmin ^ — ( T Itldx I C max 

r V Br (x) ' 

(4) For every D CC fJ, £/iere exist constants C, c > s-uc/t £/iai /or every x € D n {ii e > 0}, 

cdist(cc,<9{u e > 0}) < u e (x) < C dist(x, <9{u e > 0}). 

(5) For every D CC !1, there exists a constant c > siic/i that for x E d{u e > 0} and 
B r (x) C D, 

\B r (x) n K > oil < , _ 

XTie constants may depend on e. 

Proof. Observe that, if A < B then e(B - A) < F £ (B) - F £ (A) < ~{B — A). Then the proof 
follows as in section 3, 4 and 5 in [15] . 

□ 



From now on we drop the subscript e and denote by u instead of u £ a solution to ( P £ ) . 



Theorem 2.2 (Representation Theorem). Let u E K, be a solution to fl-P £ [ ). Then, 

(1) H N - X {D n d{u > 0}) < 00 for every D CC fi. 

(2) There exists a Borel function q u such that 

Cu = q u rL N ~ 1 [d{u > 0}. 

(3) For D CC Q there are constants < c < C < 00 depending on N, fi, D and e such that 
for B r (x) C D and x E d{u > 0}, 

c < q u {x) < C, c/" 1 < H N ~ x (B r {x) D d{u > 0}) < Cr N ~\ 

(4) h^- 1 ^ > 0} \ 3 rcd {u > 0}) = 0. 

Proof. For the proof, see sections 6 and 7 in [15] . Observe that Dnd{u > 0} has finite perimeter, 
thus, the reduce boundary <9 re d{u > 0} is defined as well as the measure theoretic normal v(x) 
for x E d rcd {u > 0} (see [7]). □ 

Lemma 2.1. Lei #0,^1 G <9{ii > 0} and — > + . For i = 0,1 let xn- — > X{ with u(xik) = 
such that B Pk (xi : k) C ^ and such that the blow-up sequence 

Ui,k( X ) = — u ( x i,k + Pkx) 
Pk 

has a limit Ui(x) = \i{x ■ v\)~ , with < \ < 00 and Vi a unit vector. Then Aq = \\. 
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Proof. It follows as in [8] by using the results in Appendix C. □ 
Lemma 2.2. Let xo G fin d{u > 0} and let 

A = A(xo) := limsup |Vu(x)|. 

X — HEQ 

u(x)>0 

Then there exists sequences y k , d k and v k ,v such that v\. — > v and the blow up sequence with 
respect to Bd k (yk) has limit, 

uq(x) = \{x ■ v)~ ■ 

Proof. It follows as in the proof of Theorem 2.3 in [H] by using the results in Appendix B and 
C. □ 

Lemma 2.3. For Tt N ~ l -a.e. xq G d re d{u > 0}, there exist a sequence j n such that if u n is the 
blow up sequence with respect to B ln (xo) we have that, 

u n ->■ \*{x ■ v(x ))~ 

with v(xo) the outward unit normal to d{u > 0} in the measure theoretic sense and A* = 
9~ l {qu(xo))- 

Proof. Suppose that v{xq) = ejy. As in Theorem 3.5 in [3] and Theorem 5.5 in [6] we can 
prove by using the boundary regularity of solutions of Cv = (see |14j ) that for 7i N ~ l -a,.e. 
xq € d rc d{u > 0}, the following fact holds. If we consider the blow up limit no of u with respect 
to sequences of balls B Pk (xo), p k —* we have that, 



(2.1) 



Cuq = in{x7v < 0} 

u = 0, g(\Vu Q \) = q u (x Q ) on{x N = 0}. 



Therefore, uq(x) = X*x N + o(|x|). 

Take now uqj, a blow up sequence of iio, with respect to balls 5^.(0), therefore 

uo,j -> uoo = A*x^. 

Now, we want to construct a blow up sequence of uq with limit uqq. Observe, that 



1 



1 



u(x + PkHjx) - u 00 (x) < — \u k (pjx) - u {pjx)\ + \u ,j(x) - uqo(x)\, 

PkPj Pj 

and since Uk — ► uo uniformly over compacts sets we have that for j > j n , \uoj(x) — uoo(x)\ < 1/n 
and for k > kj jH , \uk(pjx) — u${pjx)\ < Pj/n if \x\ < n. We may suppose that j n > n 
and kj tn > n. Taking j = j n , k = kj njn , and j n = p kjnn Pj n . We have that 7„ -> and 
\ u 7n( x ) ~ u oo( x )\ < 2/ n m Bn- The result follows. □ 



Theorem 2.3. Let u £ JC be a solution to (L\) and q u the function in Theorem \2.°A Then there 
exists a constant \ u such that 

(2.2) limsup |Vn(x)| = A n , for every xq € (1 d{u > 0} 

X — *XQ 

u(x)>0 

(2.3) q u {x ) = g(X u ), H N ~ l - a.e x € ft n d red {u > 0}. 

Proof. It follows as in [12] by using Lemmas 12.11 12.21 12.31 and Theorem 12.21 (4) . □ 
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Now, we can prove the asymptotic development for minimizers, 
Theorem 2.4. For TL N ~ 1 — a.e. point xq G d{u > 0} belongs to d re d{u > 0} and 

u(x + x) = X u (x ■ zy(x ))~ + o(\x\) for x — > 0. 

Proof. We can prossed as in the proof of Lemma 12.31 until arrive to equation (|2.ip . Now, as 
by Theorem 12.31 we have that q u (xo) = g(X u ) and \Vu\ < X u , we can use the same argument 
of Theorem 5.5 in [6] and conclude that uq(x) = A u x^. And as, the blow up sequence was 
arbitrary chosen, we have the desired result. □ 



Remark 2.1. Now we have, by properties (1), (2), (3) in Theorem 12.11 and Theorem 12.41 that 
any minimizer satisfies all the properties of the definition of weak solution II in [15] . Therefore 
we have by Theorem 9.3 and Remark 9.2 in [Fo\ and Theorem 12.21 (4) the following regularity 
result for the free boundary d{u > 0}. 



Corollary 2.1. Let u € K be a solution to (P e ). Then there exists a subset A C d re d{u > 0} with 
7i N ~ 1 (d re d{u > 0}\^4) = such that for any xq € A there exists r > so that B r (xo)nd{u > 0} 
is a C 1,a surface. The remainder of the free boundary has Tl 1 ^^ 1 — measure zero. 

2.2. Full regularity for the case N = 2. We will prove, that in dimension two, for a subclass 
of functions satisfying (|1.2p . their hole free boundary is a C 1 ^ surface. 

The class that we consider consists on those functions satisfying condition (|1.2|) and such that, 

(2.4) There exist constants to > and k > so that g(t) < kt for t < to. 

Observe that this condition is satisfied for example, if 5 > 1 or when go > 1 and there exists 

a constant C such that lim - — = C. 

t^o t9° 

In order to prove the full regularity, we first need the following two Lemmas, that hold for 
any dimension and for any 5 and go , 

Lemma 2.4. Let u € fC be a local minimizer. Given D CC there exist constants C = 
C(N,D,\ U ), r = r (N,D) > and 7 = j{N,D) > such that, if xq £ DO d{u > 0} and 
r < ro, then 

sup \Vu\ < X u + Cr 1 . 

B r (xo) 

Proof. The proof is similar to the proof of Theorem 7.1 in [6] but here we make a little modifi- 
cation by using a result of [13]. This result allows us not having to add any new hypothesis to 
the function g. 

Let Up = (G(\Vu\)-G(X u )-p) + andU = (G{\Vu\)-G{X u )) + . By TheoremESwe know that 
Up vanishes in a neighborhood of the free boundary. Since U p > implies G(\ Vnj) > G(X U ) + p, 
the closure of {U p > 0} is contained in {G(|Vn|) > G(X U ) + p/2}. The function u satisfies the 
linearized equation 

Tu = bij(Vu)DijU = 
where bij is defined in (IB~T]) . and is /3-elliptic in {G(|Vu|) > G(X U ) + p/2}. 

Let v = G(\Vu\), by Lemma 1 in [13j . we have that v satisfies, 

Mv = DiikjiV^Djv) > in {G([Vu|) > G{X U ) + p/2}. 
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Hence U p satisfies 

MU P > in {G(|Vu|) > G(X U ) + p/2}. 
Extending the operator M with the uniformly elliptic divergence-form operator 

Mw = D i {b ij (x)D j w) in 

with measurable coefficients such that 

bijix) = bij{Vu) in {G(\Vu\) > G(X U ) + p/2}, 

we obtain 

MU p > in 0. 

For any r > set 

h p {r) = sup Up, h (r) = sup U , 

B r (x ) B r (x ) 

for any r < ro = dist (D, d£l) and xo € -D n <9{tt > 0}. 

Then, h p (r) — U p is a M- supersolution in the ball B t (xq) and 

hp(r)-U p >0 inB r (i ) 

= /ip(r) in -B r (x ) n {« = 0}. 

Applying the weak Harnack inequality (see [10] Theorem 8.18) with 1 < p < N/(N — 2), we get 
inf (fc p (r) - Up) > cr- N ^\\h p (r) - U p \\ LP{Br(xo)) > ch p (r), 

since, by TheoremEU \B r (x ) n {u = 0}| > cr N . Taking now p^Owe obtain 

inf (/i (r) - U Q ) > ch (r), 

B r /2{X0) 

for some < c < 1, which is the same as 

sup U <(l- c)h (r). 

Therefore 

ho{£) <(l-c)ho(r), 
from which it follows that ho(r) < Cr 1 for some C > 0, < 7 < 1. That is, 

G(|Vn|) <G{\ U ) + Cr~* 

and therefore 

|Vn| < A U + CV 7 

and now the conclusion of the Theorem follows. □ 
Lemma 2.5. Let x\ be a regular free boundary point. 
Take 

x + p 2 4> ( — Xl ^ ) u u (xi) forx£B p (xi), 



Tp(x) = \ V P 

x elsewhere, 



where (j> 6 Cg°(-1, 1) wif/i 0'(O) = 0. 
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Let 

(2.5) 5 = p 2 [ ^(t^A) d H N -\ 

JB p (xi)n9{n>0} V P J 

Take vg(x) = v p (x) = u(t~ 1 (x)), then 

(2.6) / (G(\Vv p \) - G(\Vu\)) dx = -lp N+1 <fr(\ u ) + o(p N+1 ), 
where I = lim p ^o p N+i an d = g(t)t — G(t). 

Proof. The proof follows the lines of Theorem 3.1 in [8]. □ 



In the following Lemma is where we need to impose condition (|2.4p . 

Lemma 2.6. Let <&(i) = g(t)t — G(t), and g satisfying condition (12. 4h . Let xq be a free boundary 
point , D CC 0, and B^xq) C D. Take v = max(u — in, 0), where t > 0, r] 6 Cq°(Q), n = in 
tt\Bn( X0 ) and |Vn| < C/t. Therefore, 



L 



{G(\Vv\)-G(\Vu\))dx < [ <S>{\Vu\)dx+C t 2 [ |Vn| 2 dx, 

[• JB„(xn)niO<u<tri\ JB„.(xn)niu>tn\ 



S M (x )n{u>0} JS M (a;o)n{0<n<t7?} JS M (a;o)n{M>t7)} 

for C = C (N, 5, g , dist(dQ, D),e, C). 

Proof. The Lemma follows as in Theorem 4.3 in jl]. We only have to make the following 
observations. First, observe that |Vu — iVn| < |Vu| + C < C\ + C ', where C\ is the constant 
in Theorem 12.11 (1). On the other hand, if g satisfies (|2.4|) . and if F(s) = then for < s < 
C\ + C, there exists a constant Cq such that F{s) < Co- Therefore we have that F(\ Vu — tV??|) 
is bounded by Co- The rest of the proof follows as in [JJ. □ 

Now, following ideas of p2], using Lemmas 12.41 12.51 and 12.61 we prove, for N = 2 and 5 
satisfying (|2.4j) the following, 



Theorem 2.5. Lei N = 2, g satisfying (|2.4|) and u a minimizer, then for any ball B r centered 
at the free boundary we have, 

f ($(A U ) - $(|Vu|)) + -» 10/ien r -» 0, 

w/iere $(f) = - 

Proof. Let 0<r</z,i>0 and wo be the function defined in Lemma 12.61 By Theorem 12.11 
u < Cr in B r (xo), take t = Cr and let St = |{0 < u < tn} n .B^xo)!- 

Now, let us take x\ far from xo and such that d{u > 0} n -B ri (xi) is regular, for n small. Let 
p be such that (|2.5|) is satisfied for <5 = ^, and consider t>i = vg t defined in B ri (x\) as in Lemma 
Then, the function 

v in B p (xq) 
vi inB ri (xi) 
u elsewhere 
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is admissible for our minimization problem and \{v > 0}| = |{it > 0}|. Therefore, by Lemmas 
31 and [2~6l we have 



< J £ (v) - J e (u) = / (G(\Vv\)-G(\Vu\))dx+ (G(\Vv\)-G(\Vu\))dx 

Jb p (x ) JB n (xi) 

<[ <S>(\Vu\)+Ct 2 [ \Vr]\ 2 dx-lp 3 $(\ u )+o(p 3 ). 

By definition of St we have, 



Ib, 



($(A U ) - $(|Vu|)) < Ci 2 / |Vr?| 2 + (p 3 ) + (St - lp 3 MX u )- 

J B,,.(xn)niu>tn\ 



'B (J (x )n{0<u<tr?} JB,j,(xo)ri{u>tr)} 

Now choose 

' ^ g / ( l ; / ;) 0l) mi? M (xo)\i?,(xo), 
■q{x) = I 1 in £ r (a;o) 

^0 infi\B M (x ), 
observe that the condition |Vr/| < C/t is satisfied if we choose p>2r. 
By our election of t and r\ we have, 

/ ($(A U ) - *(| Vu|)) + dx < [ (*(|V«|) - *(A U ))+ + 

+ o(p 3 ) + (S t -lp 3 )<S>(\ u ). 

By Lemma E31 we have that $(|Vit|) - $(A U ) < $(A U + Cr 7 ) - $(A U ) = &(£)Cri, for A u < 
£ < A u + Cr 7 . As 3>'(i) = < gog(t), and as g is increasing we have that 3>'(£) < gog{0 < 

Therefore by definition of £ we have 



(#(A„)- j .(|V»|))^<c( ( " 7+2+ 9 ° ( '' 3>) + 1 



B r (x )n{«>o} ^ ?~ 2 log(/x/r)/' 

where C = C(A U ). As by Theorem 12.11 (5), St < cu 2 we have that o(p 3 ) = o(p 2 ). Taking r = 
ph(p)P , where = max (/i, with /3 < min{7/2, 1/2}, we have the desired result. □ 



Corollary 2.2. Let N = 2, g satisfying (|2.4j) and u £ IC be a solution to ( 1HT )- T/ien <9{-u > 0} 
is a C 1 '^ 3 surface locally in Q,. 

Proof. The proof follows now as in [3], we give the proof here for the readers convenience. Let 
Uk be a blow up sequence converging to Uq. Since, Vu^ — ► Vito a.e in R , we conclude from 
Theorem 12.31 and Theorem 12.51 that |Vuo| = A n in B\ n {no > 0}, and then 

n r a- ^(iVnol) \ s(A e ) . . , , 

= Luq = div[ — — - — j— Vno ) = — - — Auq m {uq > 0). 



|Vu | / A u 

Therefore uq is harmonic in {uq > 0}, and if we take v = |Vuo| 2 , we have = Av = \D 2 uq\ 2 
and that means that Vuq is constant in each connected component of this set. Therefore, by 
Lemma C.l (6) and (8) we have, 

uq = A u max(x • Vq, 0) + q max(-x • Uq, s), 
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for some vq and q, s > 0. Since {uq = 0} has positive density at the origin, we have that s > or 
q = 0. Therefore, we have proved that any blow up sequence has a subsequences that converges 
to a half linear function uo = X u max(x • uq, 0) in some neighborhood of the origin, then applying 
Theorem 9.3 and Remark 9.2 in [15] we have the desired result. □ 

Remark 2.2. Since the functional in [JS] is linear in \{u > 0}| we can also prove, for minimizers 
of that problem, the full regularity of the free boundary when N = 2 . We only have to use 
Theorem 12.41 Lemma 12.61 (to treat the first term of the functional) and finally the result follows 
as in [3]. 



3. Behavior of the minimizer for small e. 



In this section, since we want to analyze the dependence of the problem with respect to e we 
will again denote by u £ a solution to problem ([FQ. 

To complete the analysis of the problem, we will now show that if e is small enough, then 

\{u £ > 0}| = a. 

To this end, we need to prove that the constant A e := \ Ue is bounded from above and below by 
positive constants independent of e. We perform this task in a series of lemmas. 

Lemma 3.1. Let u £ 6 K, be a solution to Q-P e [ ). Then, there exists a constant C > independent 
of e such that 

\ £ < C. 

Proof. The proof is similar to the one in Theorem 3 in [1] . 

First we will prove that there exist C, c > 0, independent of e, such that 

c < \{u £ > 0}| < Ce + a. 

Taking uq such that |{uo > 0}| < a we have that j7" e (no) < C then we have that F e (\{u e > 
0}|) < C thus obtaining the bound from above. We also have that J n G(\Vu £ \) is bounded. As 
u e — <Po m dQ, we have by Lemma lA.31 that ||Vii e — V^oIIg ^ C and by Lemma lA.41 we also 
have \\u e — v^oIIg < C, then ||k £ ||v^i,g( ^) < C. Using the Sobolev trace Theorem, the Holder 
inequality and the embedding Theorem lA.il we have, for q < 5 + 1 



/ vldH"- 1 < c|K > o}|^||u £ ||^ +1 n) < c|K > o}|^|K||^ 1>( 



<c|K>o}|^, 

and thus we obtain the bound from below. 

The rest of the proof follows as in Lemma 3.1 in [8]. 

Lemma 3.2. Let u £ G /C be a solution to {P^), B r CC £1 and v a solution to 

Cv = in B r , v = u £ on dB r . 
Then there exists a positive constant 7 = j(5, go, N) such that 

\V(u £ - v)\ q dx > C\B r n {u £ = 0}| (J u%dx 



□ 
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for all q > 1 and where C is a constant independent of e. 

Proof. The proof follows the lines of Lemma 3.2 in [8]. The only difference here is that we have 
to use the weak Harnack inequality of p3] (Theorem 1.3) instead of the known one. 

□ 

Without losing generality, from now on we will suppose that go > 1. 

Lemma 3.3. Let u £ and v be as in Lemma [Qi then if r is small enough (depending on e) we 
have, 

(3.1) / (G(\Vu\) -G(\Vv\))dx >C f \Vu £ - Vv\ 90+1 dx 
for some constant C independent of e. 

Proof. First we will use an inequality proved in [15] (see Theorem 2.3). Let, 

Ai = {x G B r : \Vu £ - Vv\ < 2\Vu £ \}, A 2 = {x G B r : \Vu £ - Vv\ > 2|Vu e |}, 
then B r = A\ U A 2 and we have that, 

(3.2) f (G(\Vu e \) — G(\Vv\)) dx > C ( f G{\Vu £ -Vv\)dx+ f F(\Vu £ \)\Vu £ - Vv\ 2 dx 

J B r ^ J A 2 J A! 

Therefore we have, using that go > 1 and (gl) in Lemma IA.ll that when \Vu £ \ < 1 and 
\X7v - Vu £ \ < 1, 

G(\Vu £ - Vv\) > C\Vu £ - Vv\ 90+1 
(3 3) 1 

F(\Vu £ \) > CIV^I 50 " 1 > C|Vu £ - V^l 50 " 1 inAi. 

On the other hand, by Lemma 13. II and (|2.2p . we have that for small r (depending on e), [Vit e | 
is bounded by a constant independent of e. By Lemma 5.1 in p3] we have that there exist 
Co, Ci = Co, C\{N,go, 5) such that, 

supG(|Vv|) < ^ I G(\Vv\)dx < 2| [ (l + G{\Vu £ \))dx <C, 

B r r JB 2 r r JB 2 r 

if we choose r small (depending on e) and where C is independent of e. Then |Vu e | and 
|Vn e — Vv\ are bounded in B r by a constant independent of e. Therefore, (|3.3|) holds for all 
x G B r and for a constant C (independent of e). Combining (|3.2|) and (|3.3|) we obtain the 
desired result. 

□ 

Lemma 3.4. For every e > there exists a neighborhood of A in £1 such that u £ > in this 
neighborhood. 

Proof. The proof follows the lines of the one in Lemma 3.4 in [8]. There is one step that it is 
convenient to mention here. When we use the Schwartz symmetrization, we have to use that 
this symmetrization preserves the distribution function and strictly decreases the functional 
J B C(|Vu|) dx, unless the function is already radially symmetric and radially decreasing. These 
facts holds by Corollary 2.35, in section II. 8 of [11]. The rest of the proof follows without any 
change. □ 



12 S. MARTINEZ 

Lemma 3.5. Let u £ £ /C be a solution to (P £ ), then 

A e > c > 0, 

where c is independent of £ 

Proof. The proof follows as in [8j by using Lemmas 13.21 13.31 13.41 and Lemma IC.ll . □ 

With these uniform bounds on A e , we can prove the desired result. 

Theorem 3.1. Under the same hypotheses of Lemma \3.5[ there exists Eq > such that for 
e < Eq, \{u e > 0}| = a. Therefore, u £ is a minimizer of J in K, a . 

Proof. It follows as in Theorem 3.1 in [H] be using Lemmas 13.11 and 13.51 □ 

As a corollary, we have the desired result for our problem 

Corollary 3.1. Any minimizer u of J in KL a is a locally Lipschitz continuous function, d re d{u > 
0} is a C 1 '* surface locally in U and the remainder of the free boundary has TL N ~ 1 — measure 
zero. Moreover if N = 2 and g satisfies (|2.4p then d{u > 0} is a C 1,13 surface locally in f2. 

Proof. If u is minimizer of J in fC a , by Theorem 13.11 we have that for small e there exists a 
solution u £ to (P e ) such that \{u £ > 0}| = a, then u is a solution to (P £ ), therefore the result 
follows. □ 

Acknowledgements. The authors want to thank Professor Noemi Wolanski for providing the 
proof of Lemma 12.31 

Appendix A. Properties of G and Orlicz spaces 



The following results are all include in |15| . 

Lemma A.l. The function g satisfies the following properties, 

(gl) mm{s 5 ,s 90 }g(t) < g(st) < max{s <5 , s 9o }g(t) 
(g2) G is convex and C 2 

(g3) < G(t) < tg(t) V t > 0. 

1 + 50 

Lemma A. 2. If G is such that G'(t) = g~ l (t) then, 

(Gl) £i±^ min{ S 1+1 / 5 , s 1+1 ^}G(t) < G(st) < ^ max{ S 1+1 / 5 , s 1+1 ^°}G(t) 

We recall that the functional 

llulb = inf \k > : / G 



is a norm in the Orlicz space Lq(VI) which is the linear hull of the Orlicz class 

Kg(Q) = jii measurable : J G(\u\)dx < oo|, 
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observe that this set is convex, since G is also convex (property (g2)). The Orlicz-Sobolev space 
W 1,G (Q.) consists of those functions in L G (Q) whose distributional derivatives S/u also belong 
to L G (Q). And we have that ||-u||^i,g = max{||u||G, ||V«||g} is a norm for this space. 

Theorem A.l. L G (Q) L 1+S (Q) continuously. 

Lemma A. 3. There exists a constant C = C(go,5) such that, 

V(*+i) //■„,,,,, \VOo+l) 



||u|| G <Cmax{(y G(\u\)dx) ,(jG(\u\)<b) 9 ° } 
Lemma A. 4. If u £ W 1 ' 1 ^) with u = on dfl and G(|Vn|) dx is finite, then 

I G (^l) dx ^ I G{\Vu\)dx forR=diamn. 
Jn v R ' Jn 



Appendix B. A result on ^-solutions functions with linear growth 
In this section we will state some properties of £-subsolutions. Prom now on, we note = 

B r (o) n {x N > o}. 

Remark B.l. When |Vu| > c, u satisfies a linear nondivergence uniformly elliptic equation, 
Tu = 0. In our case 

(B.l) Tv = bijiV^DijV = 

where 

. g'(\Vu\)\Vu\ _ \ DjuDjU 

Oii — Oil T n_ i\ J- 



lJ 13 V 0(|Vu[) J |Vu|2 ' 

and the matrix 6«(Vu) is /3-elliptic in {|Vu| > c}, where (3 = max{max{go, l},max{l, 1/5}}. 

Theorem B.l. Let u be a Lip schitz function in M. N such that 

(1) u > in R N , Cu = in {u > 0}. 

(2) {x N < 0} C {u > 0}, u = in {x N = 0}. 

(3) There exists < A < 1 such that \i u ~ ^ B r(°)\ > a , Vi? > 0. 

\ B R{°)\ 

Then u = m {a;jy > 0}. 

Proof. See Appendix in [TB]. □ 



Appendix C. Blow-up limits 

Now we give the definition of blow-up sequence, and we collect some properties of the limits 
of these blow-up sequences for certain classes of functions that are used throughout the paper. 

Let u be a function with the following properties, 

(CI) u is Lipschitz in £1 with constant L > 0, u > in f2 and Cu = in $7 n {u > 0}. 
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(C2) Given < k < 1, there exist two positive constants C K and r K such that for every ball 
B r (xo) C and < r < r K , 



-It u 1 dx \ <C K implies that u = in B Kr {x$). 

r \J B r (x ) J 



(C3) There exist constants ro > and < Ai < A2 < 1 such that, for every ball B r (xo) C fl 
xq on d{u > 0} and < r < ro 

< |£? r (x )n{n>0}| < ^ 
|B r (a;o)| 

Definition C.l. Let B Pk {xk) <Z £1 be a sequence of balls with pi- — > 0, x\. — > xq € and 
n(x&) = 0. Let 

u fc (x) := —u(x k + p k x). 
Pk 

We call u k a blow-up sequence with respect to B Pk (x k )- 

Since u is locally Lipschitz continuous, there exists a blow-up limit uq : R^ — > R such that 
for a subsequence, 

^fc — ► n o hi C[o C (R ) for every < a < 1, 
Vn fc -> Vn * -weakly in Lg ) c (R JV ), 



and Uq is Lipschitz in R v with constant L. 

Lemma C.l. If u satisfies properties (CI), (C2) and (C3) i/ien, 

(1) uq >0 in Q and Cuq = in {no > 0} 

(2) d{u k > 0} — » <9{uo > 0} locally in Hausdorff distance, 

(3) X{„ fc >o} -> X{u >o} in ^ioc( RjV )» 

(4) 7/ A" CC {no = 0}, then u k = in K for big enough k, 

(5) If K CC {no > 0} U {no = 0}°, £/ien Vn& — ► Vno uniformly in K, 

(6) There exists a constant < A < 1 such that, 

1^(2/0) n {n = 0}| 



l^(yo) 



>A, V-R > 0, Vyo G 9{uq > 0} 



(7) Vufc -> Vn o.e in R^, 

(8) Ifx k E <9{u > 0}, then G <9{n > 0} 

Proof. The proof follows as in [8] and [12] . □ 
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